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EXTENSION OF SOME FIXED POINT THEOREMS ON WEAKLY CONTRACTIVE MAPS 


N. K. SINGH AND R. P. DUBEY 


Abstract. In this paper we establish some fixed point theorems on weakly contractive maps. These results are 
the extension of the results of Alber and Guerre-Delabriere [1]. 


1. Introduction 

In 1997, Alber and Guerre -Delabriere [i] define weakly contractive maps. In 2001, 
Rhoades [2] proved some theorems which extend the work of Alber and Guerre -Delabriere 
i] to arbitrary Banach spaces. In this paper now we extend the results of Rhoades [2]. 
If X is an arbitrary Banach Space, then a self map T of X satisfies the Banach contraction 
principle, if there existe a constant K satisfying 0 < K <1, such that, foreach x, ye X, 

7x -Ty|| < K||x - y| Sunk (1) 
Not only do maps satisfying (1) possess a unique fixed point, but the fixed point can be 
obtained by repeated iteration of T, beginning at any point x in X. 
Inequality (1) can be written in the form 

[Tx = Ty| < [x — y| = qx = y| ates (2) 

where q=a-K. 
The entension of (2) to what are called weakly contractive maps is a natural one. Let X be a 
Banach space, K a closed convex subset of X. A self map T of K is called weakly contractive if, 
for each x, ye K, 


[zx — Ty|| < [x — yl — y| |x — y| ] seasoned (3) 
where y: [0, 20) > [0, <0) is continuous and nondecreasing such that w is positive on 
(0, 20), (0) =0 and limy(t) = œ. If Kis bounded, then the infinity condition can be omitted. 


Remark 1: Weakly contractive maps lie between those which satisfy Banach contradiction 
principle and contractive maps. 


2. Preliminaries 
It was shown in [i] that, for Hilbert spaces, weakly contractive maps possess a unique 


fixed point without any additional assumptions, noted that the same is true, at least for 
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uniformly smooth and uniformly convex Banach spaces. In 2001, Rhoades [2] showed that 


theorem remains true in arbitrary complete metric spaces and proved the following 
theorem: 

Theorem A: Let (X, d) be a complete metric space, T a weakly contractive maps. Then T has 
a unique fixed point p in X. 

In this paper we generalize the above theorem. 


3. Main Results 
We prove the following theorem: 
Theorem 1: Let (X, d) be a complete metric space, S and T be two weakly contractive maps, 
i.e. for each x, y E K, 


[Sx — Ty| < |x = y| E vx 7 y] adii (4) 
Where vy: [0,00) > [0, 20) is continuous and nondecreasing such that w is positive on (0,0), 


y (0) =Oand limy(0) = œ. Then S and T have an unique commen fixed point. 


Poof: Let x, € X and define 


Kons = SXp,ANAX yy.) = TX yy 1. 
Then, from (4), 
d (Xoni Xon2) = A(SX5, IXan) 


= dlk Xu) - VL A (Xans Xan) |. 


Set p, =d(X,,,.X>,,;). Then we have 


Prsi PV Ow) = De ae (5) 


Therefore fo, is a nonnegative nonincreasing sequence and hence possesses a limit 
p =O. Suppose that př >0. Since yw is nondecreasing, therefore, we have, from (5), 
Parn SP TW) 
Thus py, <2, — Ny (p*), a contradiction for N large enogh. Therefore p* =0. 
Fix e> 0 and chose N so that 

E R mind S| 
We wish to show that S is a map of the closed ball B(x, ,¢). Let x € B(x,,€). 


Case 1. d(x,x,)< 


NIM 


d (Sx, xy) < d(Sx,Tx,)+d(Txy,xy) 
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<d(x,x,)—wl| dlx, xy) ]+d(xy4.%y) 


E € 
<—+—=e. 
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Case 2. se d(x, xy) <e. Then y[d(x,xy)]> WS): 


Therefore, 
d(Sx,Txy) < d(x, xy) —wld(x, xy )]+ dys Xy) 


€ € 
<d(x,xy)— A + aes 


< d(x, Xy) Se. 
Since S is a self map of B(x,,,¢€), it follows that each x,, € B(x,,¢) for n>N. Since e is 
arbitrary, {x,, bis Cauchy; hence convergent. The continuity of S implies that the limit is a 
fixed point. Similarly T is a self map of B(x, ,€), it follows that each x,, € B(x,,¢)for n>N. 


The continuity of T implies that T has a fixed point. Hence S and T have a common fixed 
point. In order to show the uniqueness of fixed point z, let w(w # z) be another common 


fixed point of S and T. Then Using (4), we have 
d(z,w) = d(Sz,Tw) 
< d(z,w)-yld(z,w)] 
< d(z,w) 
a contradiction. It follows that z = w. This completes the proof of the theorem. 


Remark 2: If we put S = T in theorem 1 we get Theorem 1 of Rhoades [2]. 
Theorem 3.1of [i] remains true in Banach spaces we state the following theorem which is 


the generalization of theorem 3.1 of fi]. 


Theorem 2: Let S and T be two weakly contractive selfmaps of a closed convex subset K of a 


Banach space X. Then the iterative process x,,,, = Sx,, and x,,,, =Tx,,,, converges strongly 
to fixed point, with the following error estimate, 
fs, PS 0 loll - al-@-1) 


where ¢ is defined by the antiderivative. 
dt 
y(t) 
and @"' is the inverse of ®. 


We shall now investigate the convergence of other iterative procedures applied to S and T. 
The Mann iterative scheme is defined by 
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Xo EX, Kony = l- Ay, Xa, + ol 
Konya = l- Aan Xon + Con TX on 


where 0<a@,, <1&0<a,,,, <1for eachn. 
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